Abstract. This paper describes a ray-tracing and an object description method for objects sampled not in the usual cubic grid, but in BCC (Body Centered Cubic) and FCC (Face Centered Cubic) grids, which are welt known in crystallography. The use of this kind of grids is motivated by their interesting characteristics: they reduce the density of samples needed to represent a signal without information loss and they have better topological properties than the cubic grid.
Introduction
Sampling a signal in 3 -D space satisfying the Shannon theorem leads to the use of the BCC grid as the optimal sampling grid [1] . Its reciprocal, the FCC grid, shows also a good performance from the point of view of low sample density. These grids have more symmetries than the cubic one, which gives a better approach to an anisotropic data representation. For this reason they are recommended as optimal grids for Mathematical Morphology processing [3] . The use of these grids simplifies the surface extraction process in volume data [14] . Recently it has been shown that the use of the BCC and FCC grids enhances the performance of reconstruction from projections methods [10] , which leads to the emergence of volume data in BCC and FCC format in 3-D imaging for medical applications.
In spite of their interesting characteristics, the use of these grids is usually rejected because of the incremen~ in algorithmic complexity. This argument is not always true, and it reflects only the lack of deep work in the analysis of the discrete topology corresponding to these grids. The method presented here shows that it is possible to exploit the potential offered by the BCC and FCC grids.
Ray Tracing in Volume Data
Direct Volume Rendering methods include a ray tracing process in order to compute the contribution of the voxels in the volume to each pixel in the synthesized . When objects axe represented by their discrete surfaces, topological problems arise in the cubic grid, which leads to the possibility of passing a ray through a surface without touching it [4] . To avoid this problem, thicker surfaces or thicker rays should be used. However thicker rays implies a longer processing time in the ray tracing process. BCC and FCC grids do not lead to such topological problems, and allows in a more robust way the notions of discrete curves, surfaces and objects to be defined. Here, the objects are represented on a BCC or FCC grid by using only their external surfaces. A discrete straight, line tracing algorithm has been developed to guide the ray tracing process from each pixel towards the objects in the volume data. Interactions between the ray and the objects surfaces are defined in a discrete way ~oo.
Topology of the BCC and FCC grids
Topology is defined here in function of the Voronoi cells of each point in the grid. The 3 -D shape associated to the voxel is the solid polyhedron corresponding to the Voronoi cell (see Figure 3) . A connected set of voxels is considered as a 3 -D Manifold. The Voronol cells can fill the space by a simple tiling, and the volume data can be considered here as region of the 3-D space completely filled with polyhedral voxels. Definition 1. Two n-dimensional regions of the space are connected if they have a (n --1)-dimensional region in common. Two voxels axe connected if they have a common face. Two faces are connected if they have a common edge. Two edges are connected if' they have a common vertex. The existence of m-dimensional regions (m < (n -1)) in common between two n-dimensionM regions does not implies connectivity.
Definition 2. An Object is a set of connected voxels. An Object Surface is the set of faces between object voxels and non-object voxels.
The Voronoi cell in the BCC grid is ~he Truncated Octahedron, and in the FCC grid is the Rhombic Dodecahedron [2] . BCC and FCC grids have the nice property that an edge in the tiling structure is common to exactly three voxels, and hence are common to exactly three faces. When these voxels are classified as belonging to an object or not, always two out of the three voxels belongs to the same class. Then two out of the three faces belong to the object surface. This local property implies that every face in the object surface has exactly one face connected to each of its edges. Then object surfaces are always closed surfaces. 4 Object Representation
Volume data represents a 3-D signal which has been discretized to be processed. Often the originM source of the signal is a continuous real process (as is the case in medical imaging). A classification process should be done in order to determine the regions corresponding to an object. Classification is hard to perform close to the object boundary regions, which leads to a higher classification error for such voxels and therefore to errors in the shape of the external object surface. When the description of the object surface is limited to the determination of faces belonging or not to the surface, certain information about the real form of the object boundary is lost, and hence the original form cannot be retrieved exactly. This is specially important for processes that must use the surface normal. Objects represented in this way allow the information of the complete volume data to be reduced to the representation of object surfaces that it contains, without loosing their original smoothness. Several advantages are found in this representation: objects can be deformed or displaced by sub-voxel distances only by changing the coefficients (displacements greater than the voxel size will change also the voxels which belong to the smooth surface). Interactions between object surfaces can be perfbrmed in a more realistic way, (collisions~ soft contacts). Interactions between object surfaces and light beams ca~ avoid aliasing effects originated by the limited set of orientations of the voxels faces. Figure 2 . Illustrates the object, the faces in its surface (top left). The smooth surface representation with coefficients that are positive on one side, and negatlves on the other (top right). The smooth surface after a sub-voxel displacement (bottom left). The interaction between a ray (voxels with circles) and the smooth surface (bottom right). Surface normals are easily evaluated by using the coefficients of the voxels in the smooth surface representation.
To obtain the coefficients for the surface representation, a signal processing method is used. An edge detector operator based on geomei~ric moments is applied to estimate the sub-voxel distance between the voxel center and the object boundary [12] [13] . It retrieves positive values for the interior voxels and negative values for the exterior voxels.
Line Tracing Method
To cast a light beam, a discrete straight line should be traced. The line is defined by an origin point and a vector. The algorithm presented here is as simple and performant as the classical Bresenham's algorithm [11] . It should be noted that a light beam is a connected set of voxels, therefore it is a three dimensional object and not a one-dimensionM manifold.
The first step is to realize a partition of all the possible directions in the grid (which corresponds, in the Bresenham's algorithm, to finding the octant in which lles the line). Here, the yard directions are those perpendicular to the faces of. the Voronoi polyhedron. Figure 3 , shows three of them (vectors ~, ~, ~t in the two Voronoi cells. These vectors are grouped in sets of three elements. Vectors in the same set correspond to faces of the Voronoi polyhedron having a vertex in common. The linear combinations of this three vector spans a triangular pyramid with its vertex in the polyhedron center. 
R e s u l t s
The object representation method, and the ray casting algorithm described here, is used as a ray casting engine in a direct volume rendering program. The BCC grid is used as support of the votume data. Figure 5 shows the rendering of a medical image using t`his program. The algorithm is implement`ed in C++, on a PC-Penfium 166MHz platform, running Linux 2.0.18. The original volume corresponds to a CT reeonst`rnction of t`he hip joint cont`alning 100x100x100 voxels. It has been resampled using a 3D cubic B-Spline int`erpolator, to obtain a BCC struct`ure. This resamapling process duplicate the number of voxels. Out`put image has 256x256 pixels. Rendering time is 3s, it includes ray t`racing and fighting calculus with one light source, with antiafiasing.
Conclusions
The met`hods described in this article performs ray casting in volume data sampled with the BCC and FCC grids. The object representat`ion is complete enough to allow process as object to object, interaction, and object to light interaction to be done. The properties of t`hese grids simplify the process involved in ray tracing and object description. It contribut`es to show that these grids can be used for the same pu~rposes as the cubic grid~ with the advantage of reduced number of samples and a well defined topology.
Algorithm performance is good enough to show ~hat` the choice of this topology does not imply an overload in rendexing calcuhls with respecto to the cubic grid.
